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Consider the polynomials Pn(x) de)ned by
anPn+1(x) + an−1Pn−1(x) + bnPn(x) = xPn(x); P0(x) = 0; P1(x) = 1; n= 1; 2; : : : ; (1)
where an; bn are real numbers and an ¿ 0; n= 1; 2; : : : .
Assume that
lim
n→∞ |bn|=∞; limn→∞
a2n
bnbn+1
= 	¡∞: (2)
Also assume that the tridiagonal operator T (Jacobi matrix) associated with these polynomials is
essentially self-adjoint, or equivalently that the measure of orthogonality of the polynomials is unique.
In the theory of orthogonal polynomials it is known that if 	¡ 14 then the spectrum of the
tridiagonal operator T is discrete, consisting of a denumerable set of values n such that lim|n|=∞,
n→∞ [1,3]. Also, from well-known results of the theory of orthogonal polynomials [1], it follows
[2] that if T is bounded from below, i.e., (Tx; x)¿‖x‖2,  ∈ R, x in the de)nition domain of T
and if 	= 14 then the spectrum of T is purely continuous and consists of the interval [;∞).
The proofs of these results are based on special methods and techniques of the theory of orthogonal
polynomials and continued fractions. No operator proofs exist and we believe that much work must
be done to understand what happens in the case 	¿ 14 , where the known work is limited. Concrete
examples of orthogonal polynomials which satisfy the conditions (2) are therefore of interest. Such
an example is the following class of polynomials:
nPn+1(x) + (n− 1)Pn−1(x) + nPn(x) = xPn(x); 0¡61;
P0(x) = 0; P1(x) = 1; n= 1; 2; : : : ;
(3)
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with  = 0. The well-known Dennis–Wall criterion or the criterion of Carleman establishes selfad-
jointness of the associated tridiagonal operator T in this case. Moreover we have
lim
n→∞ |bn|=∞
and
	= lim
n→∞
a2n
bnbn+1
= lim
n→∞
n2
2n(n+ 1)
=
1
2
¡∞: (4)
This example covers all the cases with respect to the values of 	 mentioned above. For instance:
For ||¿ 2 the spectrum of T is discrete. For ||=2 the spectrum is purely continuous. In fact, for
||= 2 the sequence
a2n
bnbn+1
=
n2
4n(n+ 1)
=
n
4(n+ 1)
¡ 1=4; (5)
is a chain sequence and a well-known theorem of Wall and Wetzel establishes that T or −T is a
positive operator.
Our problems are:
• Give an operator proof of the above-mentioned general results.
• Find the measure of orthogonality for ||¿2 of the polynomials de)ned in (3).
• Find what happens in the case ||¡ 2 and  = 1.
Note that for =1 the polynomials (3) are a particular case of the Laguerre polynomials (2 =4)
and the Meixner polynomials (2¿ 4; 2¡ 4). This was pointed out by Walter Van Assche.
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